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Homogenization of degenerate coupled transport
processes in porous media with memory terms
Michal Benesˇ∗ and Igor Pazˇanin†
Abstract
In this paper we establish a homogenization result for a doubly nonlinear parabolic system arising
from the hygro-thermo-chemical processes in porous media taking into account memory phenomena.
We present a meso-scale model of the composite (heterogeneous) material where each component is
considered as a porous system and the voids of the skeleton are partially saturated with liquid water. It is
shown that the solution of the meso-scale problem is two-scale convergent to that of the upscaled problem
as the spatial parameter goes to zero.
1 Introduction
Mathematical modeling of coupled transport processes in heterogeneous porous media is of great interest
in engineering practice (civil engineering, environmental engineering, nuclear engineering applications).
Coupled heat and moisture flow through multiphase porous material is associated with systems of strongly
coupled nonlinear PDEs of the form [6, 32]
∂t̺α +∇ · Jα = sα (conservation of mass), (1)
∂teα +∇ · qα = Qα + Eα −Hαsα (conservation of energy). (2)
Here, ̺α represents the averaged mass density of the α-phase (e.g. solid, liquid water, oil, gas, etc.), Jα is
the mass flux and sα stands for a production term. Further, eα is the total internal energy of the α-phase,
qα is the heat flux, Qα stands for the volumetric heat source, Eα represents the term expressing energy
exchange with the other phases and the symbolHα stands for the specific enthalpy of the α-phase.
Because of the nonlinear structure, complexity and multi-scale nature of the problem (1)–(2), this sys-
tem must be solved numerically using suitable computational methods. Nevertheless, the complexity of the
microscopic structure of heterogeneous multiphase materials makes detailed numerical simulations very
expensive. Therefore, the effective (homogenized) material coefficients are used instead of taking into
account properties of individual phases. The composition of the heterogeneous material may vary sub-
stantially and the experimental determination of effective properties is rather complicated or expensive
due to lack of enough accurate data. Therefore, recently there has been an explosive growth of interest
into the development of mathematical homogenization methods to derive effective material properties of
heterogeneous media directly from their microstructure. The present paper is devoted to the periodic ho-
mogenization of a system of degenerate partial differential equations with memory phenomena using the
two-scale homogenization technique. The model covers a large range of problems, in particular, modelling
of hygro-thermo-chemical processes in concrete at early ages taking into account hydration phenomena.
In the meso-scale analysis below, fresh concrete is treated as a composite material where each component
(cement paste, aggregates) is considered as a porous medium where the voids of the skeleton (both, cement
paste and aggregates) are partially saturated with liquid water.
The paper is organized as follows. In Section 2, we describe the meso-scale model for transport pro-
cesses in early age concrete taking into account hydration phenomena and review homogenization results
for degenerate parabolic problems. In Section 3, we introduce some notation and describe various function
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spaces and precisely specify our assumptions on data and coefficient functions under which the main result
of the paper is proven. In Section 4, we provide the weak formulation of the meso-scale problem, present
the existence theorem (for the proof see Appendix A and [10]) and state the main result of the paper, see
Theorem 4.3. The main result is proven in Section 5. We first establish a priori estimates for solutions of
the meso-scale problem, uniform with respect to ε, see Subsection 5.1. Having obtained a priori estimates,
in Subsection 5.2, we collect the definition and basic results for the weak two-scale convergence and pass to
the homogenization limit ε→ 0, where ε is the characteristic length representing the small scale variability
of concrete. Transport coefficients and material properties depend no longer of material heterogeneities.
Then, the proof of the main result is completed in Subsection 5.3 eliminating the microscopic variable from
the upscaled system and decoupling the cell problems from the two-scale homogenized problem.
2 The heterogeneous meso-scale model
Let Ω be a bounded domain in R2 with Lipschitz boundary ∂Ω. n denotes the outer unit normal vector
to ∂Ω. Let T ∈ (0,∞) be fixed throughout the paper, ΩT := Ω × (0, T ) and ∂ΩT := ∂Ω × (0, T ). Let
Y = (0, 1)2 be a periodicity cell. We consider a porous structure consisting of two distinct flow regions
periodically distributed in a domain Ω with period εY . Let Y be split on two complementary parts Ya and
Yc. We denote by χa(y) and χc(y) the corresponding characteristic functions of Ya and Yc, respectively,
extended Y-periodically to all of R × R. Hence, the domain Ω is decomposed into two sub-domains, Ωεa
(aggregates) and Ωεc (cement paste), which are defined as
Ωεa ≡ {x ∈ Ω; χa(x/ε) = 1} and Ω
ε
c ≡ {x ∈ Ω; χc(x/ε) = 1} .
The characteristic functions χa and χc are used as multipliers to denote the zero-extension of various
functions. From the geometrical point of view, ε is the characteristic length representing the small scale
variability of concrete, see Figure 1.
Ω
∂Ω
x1
x2
y1
y2
Yc
Ya
y = x
ε
Y = (0, 1)× (0, 1)
Figure 1: 2D example of periodic medium.
In this work we assume the particular form of (1)–(2) for the two-phase (solid skeleton and liquid water)
heterogeneous porous system (cement paste and aggregates) and study the homogenization of the system
of partial differential equations in ΩT indexed by the scale parameter ε, namely
∂tb(x/ε, p
ε, rε)−∇ · [a(x/ε, pε, ϑε, rε)∇pε] = α1χc(x/ε)f(p
ε, ϑε, rε), (3)
∂t [cwb(x/ε, p
ε, rε)ϑε + σ(x/ε, rε)ϑε]
−∇ · [λ(x/ε, pε, ϑε, rε)∇ϑε + cwϑ
εa(x/ε, pε, ϑε, rε)∇pε] = α2χc(x/ε)f(p
ε, ϑε, rε), (4)
coupled with an integral condition
rε(x, t) =
∫ t
0
f(pε(x, s), ϑε(x, s), rε(x, s)) ds (5)
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and boundary and initial conditions
−a(x/ε, pε, ϑε, rε)∇pε · n = βe(p
ε − p∞) in ∂ΩT , (6)
−λ(x/ε, pε, ϑε, rε)∇ϑε · n = αe(ϑ
ε − ϑ∞) in ∂ΩT , (7)
pε(0) = p0 in Ω, (8)
ϑε(0) = ϑ0 in Ω. (9)
In the system of equations above, to shorten mathematical formulations, we have used the following sim-
plified notations:
bε(x, pε, rε) = b(x/ε, pε, rε) := ̺w [χc(x/ε)φc(r
ε) + χa(x/ε)φa]S(p
ε), (10)
σε(x, rε) = σ(x/ε, rε) := χc(x/ε)̺sccsc(1− φc(r
ε)) + χa(x/ε)̺sacsa(1 − φa), (11)
aε(x, pε, ϑε, rε) = a(x/ε, pε, ϑε, rε) := ̺w
kR(S(p
ε))
µ(ϑε)
[χc(x/ε)kc(r
ε) + χa(x/ε)ka] , (12)
λε(x, pε, ϑε, rε) = λ(x/ε, pε, ϑε, rε) := χc(x/ε)λc(p
ε, ϑε, rε) + χa(x/ε)λa(p
ε, ϑε). (13)
From the physical point of view, equations (3) and (4), respectively, represent the mass balance of moisture
(liquid water) and the heat equation for the porous system. The equation (5) represents an integral condition
with an additional unknown memory function rε : ΩT → R. Such a type of equations arises in the theory
of heat conduction when inner heat sources are of special types, in particular, in so-called problems of
hydratational heat during cement hydration. In this case, the intensity of inner sources of heat in cement
paste (and corresponding sinks of liquid water) depends also on the amount of heat already developed.
Typical example of problem (3)–(5), modeling heat and moisture transport in early age concrete, is given
in [10].
Now, let us describe the notation in (3)–(13) in more details. Next to the memory function rε, pε : ΩT →
R and ϑε : ΩT → R denote the unknownwater pressure and temperature of the porous system, respectively.
In the model, we assume different hydraulic and thermal characteristics in Ωa and Ωc, respectively. In
particular, φα, α ≈ a, c, is the porosity and S represents the degree of saturation with liquid water. Further,
kα is the intrinsic permeability of the fluid, kR represents the relative hydraulic conductivity, λα is the
thermal conductivity function and µ is the temperature dependent kinematic viscosity of the fluid. Material
constants are as follows: ̺w is the density of liquid water and cw represents the isobaric heat capacity of
water. Moreover, ̺sα and csα, respectively, are the mass density and the isobaric heat capacity of the solid.
αe designates the film coefficient for the heat transfer, βe represents the surface emissivity of water, ϑ∞ is
the temperature of the environment and p∞ is a fictitious water pressure related to the ambient conditions
(the relative humidity, gas pressure and temperature). Finally, p0 : Ω → R and ϑ0 : Ω → R are the initial
distributions of the water pressure and temperature. Recall that the characteristic functions χa and χc are
Y-periodic functions on R2. As the spatial parameter ε gets smaller, the characteristic functions χa and χc
oscillate more rapidly. We solve the periodic homogenization problem and investigate the behavior of the
solution in the limit (as ε→ 0).
The system (3)–(4) can be written in terms of operators A, B, F in general form
∂tB(x/ε,u)−∇ ·A(x/ε,u,∇u) = F (x/ε,u), (14)
where u is the unknown vector of state variables. The existence, uniqueness and regularity of the solution
to the equation (14) have been studied (assuming the operatorB in the parabolic part to be subgradient) by
several authors, see e.g. [3, 16, 19, 30]. A theoretical analysis of special type of (14) was also performed in
[7] and [8] in the case of degenerate coupled flows in geomaterials and [11] in the particular non-degenerate
case with applications to nonlinear heat and moisture transport in multi-layer porous structures.
Homogenization of (14) has been studied e.g. in [12, 13, 18, 28]. In [12], the authors studied the ho-
mogenization of the scalar problem assuming B(y,u) = u, however, including more general nonlinear
elliptic operator of the form A(y,u,∇u) = D(y, u,∇u) + K(y, u). The operator D(y, u,∇u) was as-
sumed to be periodic in y = x/ε and degenerate in ∇u. In [13], the authors studied the homogenization of
multi-scale degenerate problem (arising in the motion of saturated-unsaturated water flow in porous media)
like (14) with A(y,u,∇u) = − [a(x/ε)∇uε + g(x/ε, uε)] and B(x/ε,u) = B(u). The authors derived
the homogenized equation and present results on the first order corrector. In [28], the authors studied the
homogenization of nonlinear parabolic equations like (3) with mixed boundary conditions under restric-
tive assumptions on B and with non-degenerate and monotone elliptic part. In [18], the author studied the
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asymptotic behaviour of the problem with B(y,u) = |u|νsignu, ν > 0, including fast or slow diffusion
through a nonhomogeneous medium. Homogenization of a coupled system of diffusion-convection equa-
tions in a domain with periodic microstructure, modeling the flow of isothermal immiscible compressible
fluids through porous media, was theoretically studied e.g. in [4, 5].
In the present paper, our aim is to extend our previous result from [9], where we established a ho-
mogenization result for a fully nonlinear degenerate parabolic system (with mixed homogeneous Dirichlet-
Neumann boundary conditions) arising from the heat and moisture flow through partially saturated porous
media. In particular, following [3], the degeneracy in the elliptic part of the mass balance equation (liquid
water) has been transformed to the parabolic term using the so called Kirchhoff transformation
v := κ(p) =
p∫
0
kR(S(s))ds.
However, due to the degeneracy of the problem (kR is assumed to be bounded below by zero) we are
not able to ensure that the inverse function p = κ−1(v) solves the original problem. Therefore we consider
directly the original problem (3)–(4) (in terms of the pressure and temperature) and omit degeneracies using
L∞-estimates for the solution. Moreover, in the present paper, we assume physically more relevant Newton
type boundary conditions and incorporate memory function in source terms of the governing equations.
3 Preliminaries
3.1 Some functions spaces
Throughout the paper, we will always use positive constants C, c, c1, c2, . . . , which are not specified and
which may differ from line to line. Id denotes the identity matrix of size 2×2. We suppose p, q, p
′ ∈ [1,∞],
p′ denotes the conjugate exponent to p, p > 1, 1/p+ 1/p′ = 1. Lp(Ω) denotes the usual Lebesgue space
equipped with the norm ‖ · ‖Lp(Ω) and W
k,p(Ω), k ≥ 0 (k need not to be an integer, see [26]), denotes
the usual Sobolev-Slobodecki space with the norm ‖ · ‖Wk,p(Ω). Recall that W
0,p(Ω) = Lp(Ω). By
X ′ we denote the space of all continuous, linear forms on Banach space X and by 〈·, ·〉 we denote the
duality between X and X ′. As usual, (·, ·) stands for the inner product on L2(Ω). By Lp(0, T ;X) we
denote the usual Bochner space (see [1]). Let W 1,2per(Y) be the space of elements of W
1,2(Y) having
the same trace on opposite face of Y . Lpper(Y) is the subspace of L
p(Y) of Y-periodic functions ϕ, i.e.
ϕ(x + kei) = ϕ(x) a.e. on R
2, for all k ∈ Z and i ∈ {1, 2}, where {e1, e2} is the canonical basis
of R2. By Cper(Y) we denote the subspace of C(R
2) of Y-periodic functions. By C∞per(Y) we denote
the subspace of C∞(Y) of Y-periodic functions. Lp(Ω;X) stands for the set of measurable functions
ϕ : x ∈ Ω → ϕ(x) ∈ X such that ‖ϕ(x)‖X ∈ L
p(Ω). L2per(Y;C(Ω)) represents the space of measurable
functions ϕ : y ∈ Y → ϕ(y) ∈ C(Ω) such that ‖ϕ(y)‖C(Ω) ∈ L
2
per(Y).
3.2 Structure and data properties
Before we state the main result of our paper presented in the next section, let us introduce the assumptions
on coefficient functions in (3)–(13):
(i) S ∈ C1(R) is a positive and monotone function such that
0 < S(ξ) ≤ Cs < +∞, 0 < S
′(ξ) ≤ SL ∀ξ ∈ R (Cs, SL = const). (15)
(ii) kc, kR, µ, λa and λc are continuous functions satisfying
0 < k1 ≤ kc(ξ) ≤ k2 < +∞ (k1, k2 = const) ∀ξ ∈ R, (16)
kR ∈ C([0, Cs]), (kR(ξ1)− kR(ξ2)) (ξ1 − ξ2) > 0 ∀ξ1, ξ2 ∈ [0, Cs], ξ1 6= ξ2, (17)
0 < kR(ξ) ∀ξ ∈ [0, Cs], (18)
0 < µ1 ≤ µ(ξ) ≤ µ2 < +∞ (µ1, µ2 = const) ∀ξ ∈ R, (19)
0 < λ1 < λc(ξ1, ξ2, ξ3) < λ2 < +∞ (λ1, λ2 = const) ∀ξ1, ξ2, ξ3 ∈ R, (20)
0 < λ1 < λa(ξ1, ξ2) < λ2 < +∞ (λ1, λ2 = const) ∀ξ1, ξ2 ∈ R. (21)
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(iii) The function φc is Lipschitz continuous, i.e. there exists a constant Cφ > 0 such that
|φc(ξ1)− φc(ξ2)| ≤ Cφ|ξ1 − ξ2| ∀ξ1, ξ2 ∈ R (22)
and
0 < φ1 ≤ φc(ξ) ≤ φ2 < +∞ ∀ξ ∈ R (φ1, φ2 = const). (23)
(iv) f is Lipschitz continuous in all respective variables and
0 ≤ f(ξ1, ξ2, ξ3) ≤ Cf ∀ξ1, ξ2, ξ3 ∈ R (Cf = const). (24)
Further, we assume
f(ξ1, ξ2, ξ3) = 0 ∀ξ1 ≤ p∞. (25)
(v) (Material constants. Boundary and initial data) αe, βe, α1, α2, p∞ and ϑ∞ are assumed to be given
constants, such that
αe > 0, βe > 0, α1 < 0, α2 > 0, p∞ < 0, ϑ∞ > 0 (26)
and
α1 + ̺wCφCs < 0. (27)
Finally, we assume ϑ0 ∈W
1,2 ∩ L∞(Ω) and p0 ∈ L
∞(Ω) such that
p∞ < p0(·) ≤ 0 a.e. in Ω. (28)
Throughout the paper the hypotheses (i)–(v) will be assumed.
4 Main result
The existence of the so called weak solution to the problem (3)–(9) has been recently proven in [10] consid-
ering mixed Dirichlet-Neumann boundary conditions. The existence proof for the problemwith the Newton
boundary conditions is briefly sketched in Appendix A. The main result of the present paper is devoted to
the homogenization of the system (3)–(9) based on the two-scale convergence theory, see Theorem 4.3
below.
We first formulate the problem (3)–(9) in a weak sense.
Definition 4.1 Let ε > 0 be given. We say that a triple [pε, ϑε, rε], such that
pε ∈ L2(0, T ;W 1,2(Ω)) ∩ L∞(ΩT ) ∩ L
∞(∂ΩT ),
ϑε ∈ L2(0, T ;W 1,2(Ω)) ∩ L∞(ΩT ),
rε ∈ C([0, T ];L∞(Ω)) ∩ L2(0, T ;W 1,2(Ω)),
is a weak solution of the system (3)–(9) iff
(i) ∂tb(·, r
ε, pε) ∈ L2(0, T ;W 1,2(Ω)
′
), ∂t [cwb(·, r
ε, pε)ϑε + σ(·, rε)ϑε] ∈ L2(0, T ;W 1,2(Ω)
′
) and∫ T
0
〈∂tb(x/ε, p
ε, rε), ϕ〉dt +
∫
ΩT
[b(x/ε, pε, rε)− b(x/ε, 0, p0)] ∂tϕdxdt = 0 (29)
for every test function ϕ ∈ L2(0, T ;W 1,2(Ω)) ∩W 1,1(0, T ;L∞(Ω)) with ϕ(T ) = 0 and
∫ T
0
〈∂t [cwb(x/ε, p
ε, rε)ϑε + σ(x/ε, rε)ϑε] , ψ〉dt
+
∫
ΩT
[(cwb(x/ε, p
ε, rε) + σ(x/ε, rε)) ϑε − (cwb(x/ε, 0, p0) + σ(x/ε, 0))ϑ0] ∂tψdxdt = 0
(30)
for every test function ψ ∈ L2(0, T ;W 1,2(Ω)) ∩W 1,1(0, T ;L∞(Ω)) with ψ(T ) = 0;
Homogenization of coupled transport processes in porous media with memory terms 6
(ii) the triple [pε, ϑε, rε] satisfies the following system:
∫ T
0
〈∂tb(x/ε, p
ε, rε), ϕ〉dt+
∫
ΩT
a(x/ε, pε, ϑε, rε)∇pε · ∇ϕdxdt +
∫
∂ΩT
βep
εϕdSdt
=
∫
ΩT
α1χc(x/ε)f(p
ε, ϑε, rε)ϕ dxdt+
∫
∂ΩT
βep∞ϕdSdt (31)
for all test functions ϕ ∈ L2(0, T ;W 1,2(Ω)), further,
∫ T
0
〈∂t [cwb(x/ε, p
ε, rε)ϑε + σ(x/ε, rε)ϑε] , ψ〉dt+
∫
∂ΩT
αeϑ
εψ dSdt
+ cw
∫
∂ΩT
βeϑ
ε(pε − p∞)ψ dSdt
+
∫
ΩT
λ(x/ε, pε, ϑε, rε)∇ϑε · ∇ψ dxdt+
∫
ΩT
cwϑ
εa(x/ε, pε, ϑε, rε)∇pε · ∇ψ dxdt
=
∫
ΩT
α2χc(x/ε)f(p
ε, ϑε, rε)ψ dxdt+
∫
∂ΩT
αeϑ∞ψ dSdt (32)
for all test functions ψ ∈ L2(0, T ;W 1,2(Ω)) and, finally,
rε(x, t) =
∫ t
0
f(pε(x, s), ϑε(x, s), rε(x, s)) ds for all t ∈ [0, T ]. (33)
Theorem 4.2 Let the assumptions (i)–(v) be satisfied. Then there exists at least one weak solution of the
system (3)–(9). Moreover,
ess sup
ΩT
|ϑε| ≤ C, (34)
where the constant C is independent of ε and
0 ≥ pε ≥ p∞ almost everywhere in ΩT and ∂ΩT . (35)
Proof. The proof is similar to the proof of [10, Theorem 3.2]. In particular, in [10], we considered the
problem with homogeneous Dirichlet-Neumann boundary conditions. Similar arguments apply to the case
of Newton boundary conditions. For the convenience of the reader, in Appendix A, we present the basic
steps and emphasize the differences. 
The main result of the paper is summarized in the following theorem.
Theorem 4.3 (Main result) Let ε > 0. Suppose that the data satisfy the assumptions (i)–(v) and [pε, ϑε, rε]
is the weak solution of (3)–(9). Then there exist the pairs [p, p1] and [ϑ, ϑ1] and the function r, such that
p ∈ L2(0, T ;W 1,2(Ω)) ∩ L∞(ΩT ), p1 ∈ L
2(ΩT ;W
1,2
per(Y)),
ϑ ∈ L2(0, T ;W 1,2(Ω)) ∩ L∞(ΩT ), ϑ1 ∈ L
2(ΩT ;W
1,2
per(Y)),
r ∈ L∞(ΩT )
and a sequence [pεj , ϑεj , rεj ] such that limj→+∞ εj = 0
+ and
pεj ⇀ p and ϑεj ⇀ ϑ weakly in L2(0, T ;W 1,2(Ω)), (36)
pεj ⇀ p and ϑεj ⇀ ϑ weakly star in L∞(ΩT ), (37)
pεj → p and ϑεj → ϑ almost everywhere in ΩT , (38)
pεj → p and ϑεj → ϑ almost everywhere in ∂ΩT , (39)
∇pεj → ∇xp+∇yp1 and ∇ϑ
εj → ∇xϑ+∇yϑ1 in the two-scale sense, (40)
rεj ⇀ r weakly star in L∞(ΩT ), (41)
rεj → r almost everywhere in ΩT . (42)
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Further, p, ϑ and r satisfy (in a weak sense) the following coupled homogenized problem in ΩT
∂tb
∗(p, r)−∇ · [A∗(p, ϑ, r)∇p] = α1χ
∗
cf(p, ϑ, r) (43)
and
∂t [(cwb
∗(p, r) + σ∗(r)) ϑ]−∇ · [Λ∗(p, ϑ, r)∇ϑ + cwϑA
∗(p, ϑ, r)∇p] = α2χ
∗
cf(p, ϑ, r), (44)
with the integral condition
r(x, t) =
∫ t
0
f(p(x, s), ϑ(x, s), r(x, s))ds (45)
and with the boundary and initial conditions
−A∗(p, ϑ, r)∇p · n = βe(p− p∞) in ∂ΩT , (46)
−Λ∗(p, ϑ, r)∇ϑ · n = αe(ϑ− ϑ∞) in ∂ΩT , (47)
p(x, 0) = p0(x), ϑ(x, 0) = ϑ0(x) in Ω. (48)
Here, the homogenized coefficient functions are defined as
χ∗c =
∫
Y
χc(y)dy, (49)
b∗(ξ, ζ) = ̺w
∫
Y
[χc(y)φc(ζ)S(ξ) + χa(y)φaS(ξ)] dy, (50)
A∗(ξ, η, ζ) =
∫
Y
a(y, ξ, η, ζ) (Id +∇yw) dy, (51)
σ∗(ζ) =
∫
Y
[χc(y)̺sccsc(1− φc(ζ)) + χa(y)̺sacsa(1− φa)] dy, (52)
Λ
∗(ξ, η, ζ) =
∫
Y
λ(y, ξ, η, ζ) (Id +∇yv) dy, (53)
where Id denotes the identity matrix of size 2× 2. Further,w = (w1, w2), ∇yw is the matrix (∇yw)ij =
∂wj/∂yi, i, j = 1, 2. Similarly, v = (v1, v2) and ∇yv is the matrix (∇yv)ij = ∂vj/∂yi, i, j = 1, 2.
Further, wi and vi ∈ W
1,2
per(Y) are periodic solutions of the following cell problems, respectively,
−∇y · (a(y, ξ, η, ζ)(ei +∇ywi)) = 0 in Y and
∫
Y
wi dy = 0, i = 1, 2, (54)
−∇y · (λ(y, ξ, η, ζ)(ei +∇yvi)) = 0 in Y and
∫
Y
vi dy = 0, i = 1, 2. (55)
Schedule of the proof of the main result. In the proof of the main result we use the two-scale conver-
gence theory. The existence of the weak solution to (3)–(9) may be proved in a similar same way as [10,
Theorem 3.2], see Appendix A. In the next section we derive necessary a priori estimates with respect to
the scale parameter ε to show that there exists a sequence [pεj , ϑεj , rεj ], whose limit is the solution of
the upscaled problem (in a weak sense). The derivation of the estimates is a nontrivial procedure due to
degeneracies in the transport coefficients, see (i) and (ii). The crucial step is to obtain the L∞-estimates
‖pε‖L∞(ΩT ) ≤ C. ‖ϑ
ε‖L∞(ΩT ) ≤ C and ‖r
ε‖L∞(ΩT ) ≤ C. Then, we get the usual elliptic a priori
estimates for the solution [pε, ϑε, rε] of the two-scale problem (3)–(9). In particular, we shall prove the
estimates
‖pε‖L2(0,T ;W 1,2) ≤ C,
∫ T−τ
0
(S (pε(t+ τ)) − S (pε(t)) , pε(t+ τ)− pε(t)) dt ≤ Cτ,
‖ϑε‖L2(0,T ;W 1,2) ≤ C,
∫ T−τ
0
|ϑε(t+ τ) − ϑε(t)|2 dt ≤ Cτ,
‖rε‖L2(0,T ;W 1,2) ≤ C,
∫ T−τ
0
|rε(t+ τ) − rε(t)|2 dt ≤ Cτ.
Based on these estimates we can pass to the limit as the space period ε vanishes to get (36)–(42) (through a
selected subsequence). Next, using the two-scale convergence theory [2, 14, 29] we may identify the limits
as the solution of the macro-scale formulation (43)–(48) (in a weak sense).
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5 Proof of the main result
5.1 A-priori estimates.
Here we present some a-priori bounds for the solution of (29)–(33). First, we derive uniform estimates for
the pressure pε. Define the function Θ : R→ R given by the equation
Θ(ξ) =
∫ ξ
0
S ′(z)zdz, ξ ∈ R. (56)
It is easy to check that
Θ(ξ1)−Θ(ξ2) ≤ [S(ξ1)− S(ξ2)]ξ1 ∀ξ1, ξ2 ∈ R. (57)
Now, let τ > 0. Note that from (33) and using (22) we deduce
|φc(r
ε(x, s))− φc(r
ε(x, s− τ))| ≤ Cφ
∫ s
s−τ
f(pε(x, ξ), ϑε(x, ξ), rε(x, ξ)) dξ. (58)
Define pε(t) = p0 and r
ε(t) = 0 for −τ < t < 0. Letting τ → 0 in the estimate
1
τ
∫ t
0
〈b (x/ε, pε(s), rε(s))− b (x/ε, pε(s− τ), rε(s− τ)) , pε(s)〉ds
=
1
τ
∫ t
0
∫
Ω
[b (x/ε, pε(s), rε(s))− b (x/ε, pε(s− τ), rε(s− τ))] pε(s) dxds
=
̺w
τ
∫ t
0
∫
Ω
[χc(x/ε)φc(r
ε(s))S(pε(s))− χc(x/ε)φc(r
ε(s− τ))S(pε(s− τ))] pε(s) dxds
+
̺w
τ
∫ t
0
∫
Ω
[χa(x/ε)φaS(p
ε(s)) − χa(x/ε)φaS(p
ε(s− τ))] pε(s) dxds
=
̺w
τ
∫ t
0
∫
Ω
χc(x/ε) (φc(r
ε(s))− φc(r
ε(s− τ)))S(pε(s))pε(s) dxds
+
̺w
τ
∫ t
0
∫
Ω
χc(x/ε)φc(r
ε(s− τ)) (S(pε(s)) − S(pε(s− τ))) pε(s) dxds
+
̺w
τ
∫ t
0
∫
Ω
χa(x/ε)φa (S(p
ε(s))− S(pε(s− τ))) pε(s) dxds
≥
̺w
τ
∫ t
0
∫
Ω
χc(x/ε) (φc(r
ε(s))− φc(r
ε(s− τ)))S(pε(s))pε(s) dxds
+
̺w
τ
∫ t
0
∫
Ω
χc(x/ε) [φc(r
ε(s))Θ(pε(s))− φc(r
ε(s− τ))Θ(pε(s− τ))] dxds
−
̺w
τ
∫ t
0
∫
Ω
χc(x/ε) (φc(r
ε(s)) − φc(r
ε(s− τ))) Θ(pε(s)) dxds
+
̺w
τ
∫ t
0
∫
Ω
χa(x/ε)φa (Θ(p
ε(s))−Θ(pε(s− τ))) dxds
≥
̺w
τ
∫ t
0
∫
Ω
χc(x/ε) (φc(r
ε(s))− φc(r
ε(s− τ)))S(pε(s))pε(s) dxds
−
̺w
τ
∫ t
0
∫
Ω
χc(x/ε) (φc(r
ε(s)) − φc(r
ε(s− τ))) Θ(pε(s)) dxds
+
̺w
τ
∫ t
t−τ
∫
Ω
χc(x/ε)φc(r
ε(s))Θ(pε(s)) dxds −
̺w
τ
∫ 0
−τ
∫
Ω
χc(x/ε)φc(r
ε(s))Θ(pε(s)) dxds
+
̺w
τ
∫ t
t−τ
∫
Ω
χa(x/ε)φaΘ(p
ε(s)) dxds−
̺w
τ
∫ 0
−τ
∫
Ω
χa(x/ε)φaΘ(p
ε(s)) dxds,
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we obtain
̺w
∫
Ω
(χc(x/ε)φc(r
ε(t))Θ(pε(t)) + χa(x/ε)φaΘ(p
ε(t))) dx
− ̺w
∫
Ω
(χc(x/ε)φc(0)Θ(p
ε
0) + χa(x/ε)φaΘ(p
ε
0)) dx
≤
∫ T
0
〈∂tb(x/ε, p
ε, rε), pε〉dt+ Cφ̺w
∫
Ωt
χc(x/ε)f(p
ε, ϑε, rε)|Θ(pε)− S(pε)pε| dxds. (59)
Setting χ(0,t)p
ε as a test function in (31) (χ(0,t) is the characteristic function of (0, t)) and using (59) we
arrive at
̺w
∫
Ω
[χc(x/ε)φc(r
ε(t)) + χa(x/ε)φa]Θ(p
ε(t))dx
+
∫
Ωt
a(x/ε, pε, ϑε, rε)|∇pε|2dxds+
βe
2
∫
∂Ωt
|pε|2 dSdt
≤ ̺w
∫
Ω
[χc(x/ε)φc(0) + χa(x/ε)φa] Θ(p
ε
0)dx+
βe
2
∫
∂Ωt
|p∞|
2 dSdt
+ Cφ̺w
∫
Ωt
χc(x/ε)f(p
ε, ϑε, rε)|Θ(pε)− S(pε)pε| dxds
+ |α1|
∫
Ωt
χc(x/ε)f(p
ε, ϑε, rε)|pε| dxds (60)
for almost all t ∈ (0, T ). Using (15), (23), (24) and (35) and applying the Young’s inequality to last two
terms on the right-hand side in (60) we get∫
Ω
Θ(pε(t))dx +
∫ t
0
‖pε‖2W 1,2(Ω)ds ≤ C1 + C2
∫ t
0
∫
Ω
χcΘ(p
ε) dxds (61)
for almost all t ∈ (0, T ). We now apply the Gronwall’s inequality to conclude that
sup
0≤t≤T
∫
Ω
Θ(pε(t))dx +
∫ T
0
‖pε‖2W 1,2(Ω)dt ≤ C. (62)
Next we proceed analogously as in [16]. Using χ(t,t+τ)w, w ∈ W
1,2(Ω), as a test function in (31) we can
write
〈b(x/ε, pε(t+ τ), rε(t+ τ)) − b(x/ε, pε(t), rε(t)), w〉
+
∫ t+τ
t
∫
Ω
a(x/ε, pε, ϑε, rε)∇pε · ∇w dxds+
∫ t+τ
t
∫
∂Ω
βep
εw dSds
= α1
∫ t+τ
t
∫
Ω
χc(x/ε)f(p
ε, ϑε, rε)w dxds +
∫ t+τ
t
∫
∂Ω
βep∞w dSds. (63)
Now we set w = pε(t+ τ)− pε(t) and integrate (63) with respect to t over (0, T − τ) to obtain∫ T−τ
0
〈b(x/ε, pε(t+ τ), rε(t+ τ))− b(x/ε, pε(t), rε(t)), pε(t+ τ)− pε(t)〉dt
≤ Cτ
∫ T
0
(
‖pε‖2W 1,2(Ω) + 1
)
dt
and ∫ T−τ
0
∫
Ω
[b(x/ε, pε(t+ τ), rε(t+ τ)) − b(x/ε, pε(t), rε(t+ τ))](pε(t+ τ)− pε(t))dxdt
≤
∫ T−τ
0
∫
Ω
[b(x/ε, pε(t), rε(t)) − b(x/ε, pε(t), rε(t+ τ))](pε(t+ τ)− pε(t))dxdt
+ Cτ
∫ T
0
(
‖pε‖2W 1,2(Ω) + 1
)
dt.
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In view of (10), we can write
̺w
∫ T−τ
0
∫
Ω
χc(x/ε)φc(r
ε(t+ τ))[S(pε(t+ τ)) − S(pε(t))](pε(t+ τ) − pε(t))dxdt
+ ̺w
∫ T−τ
0
∫
Ω
χa(x/ε)φa[S(p
ε(t+ τ))− S(pε(t))](pε(t+ τ)− pε(t))dxdt
≤ ̺w
∫ T−τ
0
∫
Ω
χc(x/ε)[φc(r
ε(t)) − φc(r
ε(t+ τ))]S(pε(t))(pε(t+ τ)− pε(t))dxdt
+ Cτ
∫ T
0
(
‖pε‖2W 1,2(Ω) + 1
)
dt.
Now, owing to (23), (24), (58) and (62) we deduce∫ T−τ
0
∫
Ω
[S(pε(t+ τ))− S(pε(t))](pε(t+ τ)− pε(t))dxdt ≤ Cτ. (64)
Note that C is independent of ε. From (62) it follows that
pε ⇀ p weakly in L2(0, T ;W 1,2(Ω)) (65)
(through a subsequence which we shall again denote by “{ε}”). Using the compactness arguments of [3,
Lemma 1.9] (see also [16, Eqs. (2.10)–(2.12)]) and the estimates (62) and (64) we get
S(pε)→ S(p) in L1(ΩT ) and almost everywhere on ΩT . (66)
Since S is a strictly monotone function (recall (15)), it follows from (66) that, see [20, Proposition 3.35],
pε → p almost everywhere on ΩT . (67)
We next derive uniform estimates for ϑε. First, let τ > 0 and define pε(t) = p0 and ϑ
ε(t) = ϑ0 for
−τ < t < 0. Letting τ → 0 in the estimate
−
cw
τ
∫ t
0
∫
Ω
[b (x/ε, pε(s), rε(s))− b (x/ε, pε(s− τ), rε(s− τ))]ϑε(s)2 dxds
+
2cw
τ
∫ t
0
∫
Ω
[b (x/ε, pε(s), rε(s))ϑε(s)− b (x/ε, pε(s− τ), rε(s− τ)) ϑε(s− τ)] ϑε(s) dxds
+
2
τ
∫ t
0
∫
Ω
[σ(x/ε, rε(s))ϑε(s)− σ(x/ε, rε(s− τ))ϑε(s− τ)] ϑε(s) dxds
= −
cw
τ
∫ t
0
〈b (x/ε, pε(s), rε(s))− b (x/ε, pε(s− τ), rε(s− τ)) , ϑε(s)2〉ds
+
2cw
τ
∫ t
0
〈b (x/ε, pε(s), rε(s))ϑε(s)− b (x/ε, pε(s− τ), rε(s− τ)) ϑε(s− τ), ϑε(s)〉ds
+
2
τ
∫ t
0
〈σ(x/ε, rε(s))ϑε(s)− σ(x/ε, rε(s− τ))ϑε(s− τ), ϑε(s)〉ds
≥
1
τ
∫ t
t−τ
∫
Ω
ϑε(s)2 [cwb (x/ε, p
ε(s), rε(s)) + σ(x/ε, rε(s))] dxds
−
1
τ
∫ 0
−τ
∫
Ω
ϑε(s)2 [cwb (x/ε, p
ε(s), rε(s)) + σ(x/ε, rε(s))] dxds
we obtain∫
Ω
ϑε(t)2 [cwb (x/ε, p
ε(t), rε(t)) + σ(x/ε, rε(t))] dx−
∫
Ω
ϑ20 [cwb (x/ε, p0, 0) + σ(x/ε, 0)] dx
≤ −
∫ t
0
〈cw∂sb (x/ε, p
ε(s), rε(s)) , ϑε(s)2〉ds
+
∫ t
0
〈∂s ([cwb (x/ε, p
ε(s), rε(s)) + σ(x/ε, rε(s))]ϑε(s)) , 2ϑε(s)〉ds (68)
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for almost all t ∈ (0, T ). Now, using ϕ = cw[ϑ
ε]2 as a test function in (31) and ψ = 2ϑε in (32), subtracting
both equations and using (68) we arrive at∫
Ω
ϑε(t)2 [cwb (x/ε, p
ε(t), rε(t)) + σ(x/ε, rε(t))] dx
+
∫
Ωt
2λ(x/ε, pε, ϑε, rε)|∇ϑε|2dxds
+ 2
∫
∂Ωt
αe[ϑ
ε]2 dSdt+ cw
∫
∂Ωt
βe[ϑ
ε]2(pε − p∞) dSdt
≤
∫
Ω
ϑ20 [cwb (x/ε, p0, 0) + σ(x/ε, 0)] dx+ 2
∫
∂Ωt
αeϑ∞ϑ
ε dSdt
+
∫
Ωt
(
2α2ϑ
ε − α1cw[ϑ
ε]2
)
χc(x/ε)f(p
ε, ϑε, rε)dxds
for almost all t ∈ (0, T ). Hence, using (20), (21) and (35) we arrive at the inequality∫
Ω
ϑε(t)2 [cwb (x/ε, p
ε(t), rε(t)) + σ(x/ε, rε(t))] dx
+ 2λ1
∫
Ωt
|∇ϑε|2dxds+
∫
∂Ωt
αe[ϑ
ε]2 dSdt
≤
∫
Ω
ϑ20 [cwb (x/ε, p0, 0) + σ(x/ε, 0)] dx+
∫
∂Ωt
αe[ϑ∞]
2 dSdt
+
∫
Ωt
(
2α2ϑ
ε − α1cw[ϑ
ε]2
)
χc(x/ε)f(p
ε, ϑε, rε)dxds.
Therefore we conclude, applying the Gronwall’s inequality, that
sup
0≤t≤T
‖ϑε(t)‖2L2(Ω) +
∫ T
0
‖ϑε‖2W 1,2(Ω)dt ≤ C, (69)
which immediately yields
‖ϑε‖L2(0,T ;W 1,2(Ω)) ≤ C. (70)
It follows that ϑε converges weakly in L2(0, T ;W 1,2(Ω)) to ϑ (along a selected subsequence).
Further, using χ(t,t+τ)w, w ∈W
1,2(Ω), as a test function in (32) we obtain
〈cwb (x/ε, p
ε(t+ τ), rε(t+ τ)) ϑε(t+ τ) − cwb (x/ε, p
ε(t), rε(t))ϑε(t), w〉
+ 〈σ(x/ε, rε(t+ τ))ϑε(t+ τ) − σ(x/ε, rε(t))ϑε(t), w〉
+
∫ t+τ
t
∫
Ω
λ(x/ε, pε, ϑε, rε)∇ϑε · ∇w dxds
+
∫ t+τ
t
∫
Ω
cwϑ
εa(x/ε, pε, ϑε, rε)∇pε · ∇w dxds
+
∫ t+τ
t
∫
∂Ω
αeϑ
εw dSds+ cw
∫ t+τ
t
∫
∂Ω
βeϑ
ε(pε − p∞)w dSds
=
∫ t+τ
t
∫
Ω
α2χc(x/ε)f(p
ε, ϑε, rε)w dxds +
∫ t+τ
t
∫
∂Ω
αeϑ∞w dSds. (71)
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Now we set w = ϑε(t+ τ)− ϑε(t) and integrate (71) with respect to t over (0, T − τ) to obtain∫ T−τ
0
(cwb (x/ε, p
ε(t+ τ), rε(t+ τ)) [ϑε(t+ τ)− ϑε(t)] , ϑε(t+ τ)− ϑε(t)) dt
+
∫ T−τ
0
([cwb (x/ε, p
ε(t+ τ), rε(t+ τ)) − cwb (x/ε, p
ε(t), rε(t))]ϑε(t), ϑε(t+ τ)− ϑε(t)) dt
+
∫ T−τ
0
∫
Ω
σ(x/ε, rε(t+ τ))|ϑε(t+ τ) − ϑε(t)|2 dxdt
+
∫ T−τ
0
∫
Ω
[σ(x/ε, rε(t+ τ))− σ(x/ε, rε(t))] ϑε(t)(ϑε(t+ τ)− ϑε(t)) dxdt
+
∫ T−τ
0
∫ t+τ
t
∫
Ω
λ(x/ε, pε, ϑε, rε)∇ϑε(s) · ∇(ϑε(t+ τ) − ϑε(t)) dxdsdt
+
∫ T−τ
0
∫ t+τ
t
∫
Ω
cwϑ
ε(s)a(x/ε, pε, ϑε, rε)∇pε · ∇(ϑε(t+ τ)− ϑε(t)) dxdsdt
+
∫ T−τ
0
∫ t+τ
t
∫
∂Ω
αeϑ
ε(s)(ϑε(t+ τ) − ϑε(t)) dSdsdt
+ cw
∫ T−τ
0
∫ t+τ
t
∫
∂Ω
βeϑ
ε(s)(pε(s)− p∞)(ϑ
ε(t+ τ)− ϑε(t)) dSdsdt
=
∫ T−τ
0
∫ t+τ
t
∫
Ω
α2χc(x/ε)f(p
ε, ϑε, rε)(ϑε(t+ τ) − ϑε(t)) dxdsdt
+
∫ T−τ
0
∫ t+τ
t
∫
∂Ω
αeϑ∞(s)(ϑ
ε(t+ τ)− ϑε(t)) dSdsdt.
Hence we deduce
c1
∫ T−τ
0
∫
Ω
|ϑε(t+ τ)− ϑε(t)|2 dxdt
≤
∫ T−τ
0
([cwb (x/ε, p
ε(t+ τ), rε(t+ τ))− cwb (x/ε, p
ε(t), rε(t))]ϑε(t), ϑε(t+ τ)− ϑε(t)) dt
+
∫ T−τ
0
∫
Ω
[σ(x/ε, rε(t+ τ)) − σ(x/ε, rε(t))] ϑε(t)(ϑε(t+ τ)− ϑε(t)) dxdt
+ Cτ
∫ T
0
(
‖ϑε‖2W 1,2(Ω) + ‖ϑ
ε‖L∞(Ω)(‖p
ε‖W 1,2(Ω) + 1)‖ϑ
ε‖W 1,2(Ω)
)
dt. (72)
The first integral on the right-hand side in (72) can be further estimated using (15) (Lipschitz continuity of
b in the second variable, i.e. Lipschitz continuity of S, see (10)), (34) and the Young’s inequality to get∫ T−τ
0
([cwb (x/ε, p
ε(t+ τ), rε(t+ τ)) − cwb (x/ε, p
ε(t), rε(t))]ϑε(t), ϑε(t+ τ) − ϑε(t)) dt
≤ cwC(δ)‖ϑ
ε‖2L∞(ΩT )
∫ T−τ
0
∫
Ω
|b (x/ε, pε(t+ τ), rε(t+ τ)) − b (x/ε, pε(t), rε(t)) |2dxdt
+ δ
∫ T−τ
0
∫
Ω
|ϑε(t+ τ)− ϑε(t)|2dxdt
≤ C(δ)
∫ T−τ
0
∫
Ω
(b (x/ε, pε(t+ τ), rε(t+ τ)) − b (x/ε, pε(t), rε(t)) , pε(t+ τ)− pε(t)) dxdt
+ δ
∫ T−τ
0
∫
Ω
|ϑε(t+ τ)− ϑε(t)|2dxdt. (73)
Now, choosing δ sufficiently small, combining (72), (73) and using (34), (78), (64) and (70) we get∫ T−τ
0
∫
Ω
|ϑε(t+ τ)− ϑε(t)|2 dxdt ≤ Cτ. (74)
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Hence we conclude that (using the estimates (69), (74) and [3, Lemma 1.9])
ϑε → ϑ almost everywhere on ΩT (along a selected subsequence).
Further, from (31) and (32), using (16), (17), (18), (24), (34), (62) and (70) we have
‖∂tb(x/ε, p
ε, rε)‖L2(0,T ;W 1,2(Ω)′) ≤ C (75)
and
‖∂t [cwb(x/ε, p
ε, rε)ϑε + σ(x/ε, rε)ϑε] ‖L2(0,T ;W 1,2(Ω)′) ≤ C. (76)
Finally, we present uniform estimates for rε. From (33) we have
rε(x, t+ τ) − rε(x, t) =
∫ t+τ
t
f(pε(x, s), ϑε(x, s), rε(x, s)) ds. (77)
Integrating (77) over Ω× (0, T − τ) and using (24) we arrive at the estimate∫ T−τ
0
∫
Ω
|rε(x, t+ τ)− rε(x, t)|2 dxdt ≤ C1τ
2 ≤ C2τ. (78)
Further,
|rε(x, t)| ≤
∫ t
0
|f(pε(x, s), ϑε(x, s), rε(x, s))| ds ≤ CT almost everywhere in ΩT , (79)
where C is independent of ε. From (33) we have, using (62), (70), (iv) and [33, Proposition 1.28],
‖rε(t)‖2W 1,2(Ω) ≤ C
∫ t
0
(
‖pε(t)‖2W 1,2(Ω) + ‖ϑ
ε(t)‖2W 1,2(Ω) + ‖r
ε(t)‖2W 1,2(Ω)
)
ds for all t ∈ [0, T ].
Hence applying the Gronwall argument we get the a priori estimate
‖rε(t)‖W 1,2(Ω) ≤ C for all t ∈ [0, T ]. (80)
5.2 Passage to the limit for ε→ 0
As a consequence of the preceding a priori estimates, in particular, (34), (35), (62), (69), (70), (74), (75),
(76), (78), (79) and (80) and using [3, Lemma 1.9] and [16, Lemma 3], there exist functions p, ϑ, r ∈
L2(0, T ;W 1,2(Ω)) ∩ L∞(ΩT ), β, ω ∈ L
2(ΩT ) and the functionals δ, γ ∈ L
2(0, T ;W 1,2(Ω)
′
), such that,
along a selected subsequence denoted again by {ε}, we have
pε ⇀ p weakly in L2(0, T ;W 1,2(Ω)), (81)
pε ⇀ p weakly star in L∞(ΩT ), (82)
pε ⇀ p weakly star in L∞(∂ΩT ), (83)
pε → p almost everywhere in ΩT , (84)
pε → p almost everywhere in ∂ΩT , (85)
rε ⇀ r weakly star in L∞(ΩT ), (86)
rε → r almost everywhere in ΩT , (87)
b(x/ε, pε, rε) ⇀ β weakly in L2(ΩT ), (88)
∂tb(x/ε, p
ε, rε) ⇀ δ weakly in L2(0, T ;W 1,2(Ω)
′
) (89)
and
ϑε ⇀ ϑ weakly in L2(0, T ;W 1,2(Ω)), (90)
ϑε → ϑ almost everywhere in ΩT , (91)
ϑε ⇀ ϑ weakly in Lp(ΩT ), 1 < p < +∞, (92)
ϑε ⇀ ϑ weakly star in L∞(ΩT ), (93)
cwb(x/ε, p
ε, rε)ϑε + σ(x/ε, rε)ϑε ⇀ ω weakly in L2(ΩT ), (94)
∂t [cwb(x/ε, p
ε, rε)ϑε + σ(x/ε, rε)ϑε] ⇀ γ weakly in L2(0, T ; (W 1,2(Ω))′). (95)
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Before we identify the limits p, ϑ and r, we present some auxiliary convergence results (see Lemma 5.7
and Lemma 5.8), recall the definition and review basic properties of the two-scale convergence (see Def-
inition 5.1, Remark 5.2, Lemma 5.3, Lemma 5.4, Theorem 5.5 and Theorem 5.6). We refer the reader to
[2, 29] for a more thorough discussion. The main result of this section is stated in Theorem 5.9 below.
Definition 5.1 ([2]) Let vε be a sequence in L2(Ω). Such a sequence vε is said to (weakly) two-scale
converge to a limit v0 ∈ L2(Ω× Y) (with respect to the scale {ε})∫
Ω
vε(x)ϕ
(
x,
x
ε
)
dx→
∫
Ω
∫
Y
v0(x, y)ϕ (x, y) dydx (96)
as ε→ 0 for all ϕ ∈ L2(Ω;Cper(Y)).
Remark 5.2 Note that (96) holds also for any ϕ of the form ϕ(x, y) = ϕ1(y)ϕ2(x, y) with ϕ1 ∈ L
∞(Y)
and ϕ2 ∈ L
2
per(Y;C(Ω)), see [14, Remark 9.4].
Lemma 5.3 [14, Lemma 9.1 (i)] Let v ∈ Lp(Ω;Cper(Y)) with 1 ≤ p < +∞. Then the function v(·, ·/ε) ∈
Lp(Ω) with
‖v(·, ·/ε)‖Lp(Ω) ≤ ‖v(·, ·)‖Lp(Ω;Cper(Y))
and v(·, ·/ε) converges weakly in Lp(Ω) to ∫
Y
v(·, y)dy.
Lemma 5.4 [14, Lemma 9.1 (ii)] Suppose that ϕ(x, y) = ϕ1(x)ϕ2(y) with ϕ1 ∈ L
s(Ω) and ϕ2 ∈ L
q(Ω)
with 1 ≤ s, q < +∞ and such that
1
s
+
1
q
=
1
p
.
Then the function ϕ(·, ·/ε) ∈ Lp(Ω) and
ϕ
(
·,
·
ε
)
⇀ ϕ1(·)
∫
Y
ϕ2(y) dy weakly in L
p(Ω).
Theorem 5.5 ([2]) If vε is a bounded sequence in L2(Ω) then there exists a function v0 ∈ L2(Ω×Y) and
a subsequence of vε which two-scale converges to v0. Moreover, this two-scale convergent subsequence
converges weakly in L2(Ω) to
v(x) =
∫
Y
v0(x, y) dy.
If the sequence vε is bounded inW 1,2(Ω) we have the following
Theorem 5.6 [2, Chapter 2] Let vε be a bounded sequence in W 1,2(Ω) that converges weakly to a limit
v in W 1,2(Ω). Then, vε two-scale converges to v, and there exists a function v1 ∈ L
2(Ω;W 1,2per(Y)) such
that, up to a subsequence,
∇vε → ∇xv +∇yv1 in the two-scale sense.
Lemma 5.7 [27, Lemma 4.2] Let (M, µ) be a σ-finite measure space and fn and gn ∈ L
1(M) be two
sequences of functions, and let f, g, h ∈ L1(M) such that (as n→ +∞)
fn → f almost everywhere inM,
gn ⇀ g weakly in L
1(M),
fngn ⇀ h weakly in L
1(M).
Then h = fg almost everywhere inM.
Notice that the oscillations in the model are only due to the spatial variable x (through the characteristic
functions χεa and χ
ε
c). In the homogenization procedure, the time variable t plays the role of a parameter.
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Lemma 5.8 There exists a subsequence of {ε}, still denoted by {ε}, such that
̺wχc(x/ε)φc (r
ε)S(pε) ⇀ ̺wχ
∗
cφc(r)S(p) weakly in L
2(ΩT ), (97)
̺wχa(x/ε)φaS(p
ε) ⇀ ̺wχ
∗
aφaS(p) weakly in L
2(ΩT ), (98)
b(x/ε, pε, rε) ⇀ b∗(p, r) weakly in L2(ΩT ), (99)
∂t [b(x/ε, p
ε, rε)] ⇀ ∂t [b
∗(p, r)] weakly in L2(0, T ;W 1,2(Ω)
′
), (100)
cwb(x/ε, p
ε, rε)ϑε + σ(x/ε, rε)ϑε ⇀ cwb
∗(p, r)ϑ + σ∗(r)ϑ weakly in L2(ΩT ) (101)
and
∂t [cwb(x/ε, p
ε, rε)ϑε + σ(x/ε, rε)ϑε]
⇀ ∂t [cwb
∗(p, r)ϑ + σ∗(r)ϑ] weakly in L2(0, T ; (W 1,2(Ω))′). (102)
Proof. From (84) and (87) we haveφc(r
ε)S(pε)→ φc(r)S(p) almost everywhere inΩT . Using Lemma 5.4
(setting ϕ1(x) ≡ 1) we also have χc(x/ε) ⇀ χ
∗
c weakly in L
2(ΩT ). Taking into account (15) and (23),
(97) can be shown using Lemma 5.7. Similar arguments apply to (98), (99) and (101). Now, (100) and
(102) follows from (75) and (76), recall also (89) and (95). 
Taking into account the convergence results (81)–(95) together with Lemma 5.8 we prove the following
theorem which is the main result of this section.
Theorem 5.9 There exist a function p1 ∈ L
2(ΩT ;W
1,2
per(Y)) and a subsequence p
ε (still denoted by pε)
such that
∇pε → ∇xp+∇yp1(x, y, t) in the two-scale sense.
Similarly, there exist a function ϑ1 ∈ L
2(ΩT ;W
1,2
per(Y)) and a subsequence ϑ
ε (still denoted by ϑε) such
that
∇ϑε → ∇xϑ+∇yϑ1(x, y, t) in the two-scale sense.
Further, the pairs (p, p1) and (ϑ, ϑ1) and the function r satisfy the following two-scale homogenized cou-
pled problem ∫ T
0
〈
∫
Y
∂tb(y, p, r)dy, ϕ〉dt
+
∫
ΩT
∫
Y
a(y, p, ϑ, r) (∇xp+∇yp1(x, y, t)) · (∇xϕ+∇yϕ1(x, y, t)) dydxdt
+
∫
∂ΩT
βepϕdSdt
=
∫
ΩT
∫
Y
α1χc(y)f(p, ϑ, r)ϕ dydxdt+
∫
∂ΩT
βep∞ϕdSdt (103)
and ∫ T
0
〈
∫
Y
∂t [cwb(y, p, r)ϑ+ σ (y, r)ϑ] dy, ψ〉dt
+
∫
ΩT
∫
Y
λ(y, p, ϑ, r) (∇xϑ+∇yϑ1(x, y, t)) · (∇xψ +∇yψ1(x, y, t)) dydxdt
+
∫
ΩT
∫
Y
cwϑ a(y, p, ϑ, r) (∇xp+∇yp1(x, y, t)) · (∇xψ +∇yψ1(x, y, t)) dydxdt
+
∫
∂ΩT
αeϑψ dSdt+ cw
∫
∂ΩT
βeϑ(p− p∞)ψ dSdt
=
∫
ΩT
∫
Y
α2χc(y)f(p, ϑ, r)ψ dydxdt+
∫
∂ΩT
αeϑ∞ψ dSdt (104)
for all test functions ϕ, ψ ∈ C∞(ΩT ) and ϕ1, ψ1 ∈ C
∞
0 (ΩT ;C
∞
per(Y)) and
r(x, t) =
∫ t
0
f(p(x, s), ϑ(x, s), r(x, s))ds. (105)
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Proof. Let ϕ, ψ ∈ C∞(ΩT ) and ϕ1, ψ1 ∈ C
∞
0 (ΩT ;C
∞
per(Y)). We take test functions as
ϕε = ϕ(x, t) + εϕ1(x, x/ε, t) (106)
and
ψε = ψ(x, t) + εψ1(x, x/ε, t), (107)
respectively, in (31) and (32). Note that, by (100) and the strong convergence of ϕε to ϕ in Lp(ΩT ) we
deduce ∫ T
0
〈∂tb(x/ε, p
ε, rε), ϕε〉dt→
∫ T
0
〈∂tb
∗(p, r), ϕ〉dt. (108)
Similarly, by (102) we have∫ T
0
〈∂t [cwb(x/ε, p
ε, rε)ϑε + σ (x/ε, rε)ϑε] , ψε〉dt→
∫ T
0
〈∂t [cwb
∗(p, r)ϑ + σ∗(r)ϑ] , ψ〉dt. (109)
Further, using (15)–(19), (81) and (91) we deduce
̺w
kc(r
ε)kR(S(p
ε))
µ(ϑε)
∇pε ⇀ ̺w
kc(r)kR(S(p))
µ(ϑ)
∇p weakly in L2(ΩT )
2
and
̺w
kakR(S(p
ε))
µ(ϑε)
∇pε ⇀ ̺w
kakR(S(p))
µ(ϑ)
∇p weakly in L2(ΩT )
2.
Indeed, χc(y) ∈ L
∞(Y) and∇ϕε ∈ L2per(Y;C(Ω)) so that χc(x/ε)∇ϕ
ε can be used as a test function in
the two-scale convergence (see Remark 5.2), namely,
̺w
∫
ΩT
χc(x/ε)
kc(r
ε)kR(S(p
ε))
µ(ϑε)
∇pε · ∇ϕεdxdt = ̺w
∫
ΩT
kc(r
ε)kR(S(p
ε))
µ(ϑε)
∇pε · [χc(x/ε)∇ϕ
ε] dxdt
→ ̺w
∫
ΩT
∫
Y
χc(y)
kc(r)kR(S(p))
µ(ϑ)
(∇xp+∇yp1(x, y, t)) · (∇xϕ+∇yϕ1(x, y, t)) dydxdt (110)
and, similarly,
̺w
∫
ΩT
χa(x/ε)
kakR(S(p
ε))
µ(ϑε)
∇pε · ∇ϕεdxdt = ̺w
∫
ΩT
kakR(S(p
ε))
µ(ϑε)
∇pε · [χa(x/ε)∇ϕ
ε] dxdt
→ ̺w
∫
ΩT
∫
Y
χa(y)
kakR(S(p))
µ(ϑ)
(∇xp+∇yp1(x, y, t)) · (∇xϕ+∇yϕ1(x, y, t)) dydxdt. (111)
In the same manner we conclude that∫
ΩT
λ(x/ε, pε, ϑε, rε)∇ϑε · ∇ψε dxdt
→
∫
ΩT
∫
Y
λ(y, p, ϑ, r) (∇xϑ+∇yϑ1(x, y, t)) · (∇xψ +∇yψ1(x, y, t)) dydxdt (112)
and ∫
ΩT
cwϑ
εa(x/ε, pε, ϑε, rε)∇pε · ∇ψε dxdt
→
∫
ΩT
∫
Y
cwϑ a(y, p, ϑ, r) (∇xp+∇yp1(x, y, t)) · (∇xψ +∇yψ1(x, y, t)) dydxdt (113)
and finally ∫
ΩT
χc(x/ε)f(p
ε, ϑε, rε)ϕε dxdt→
∫
ΩT
∫
Y
χc(y)f(p, ϑ, r)ϕ dydxdt. (114)
Thus, choosing (106) and (107), respectively, as test functions in (31) and (32) the above convergences
(108)–(109) and (110)–(114) are sufficient for taking the limit εj → 0 as j → +∞ (along a selected
subsequence) to get (103)–(104). The proof of Theorem 5.9 is complete. 
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5.3 The homogenized system
In this section we complete the proof of Theorem 4.3. We will eliminate the variables p1 and ϑ1 from (103)
and (104) to obtain the closed system for the remaining unknowns. This can be handled in the following
way. Setting ϕ = 0 in (103) we can write∫
ΩT
∫
Y
a(y, p, ϑ, r) (∇xp+∇yp1(x, y, t)) · ∇yϕ1(x, y, t) dydxdt = 0 (115)
for all ϕ1 ∈ C
∞
0 (ΩT ;C
∞
per(Y)). Here we determine p1 (up to a constant) as
p1(x, y, t) = ∇xp(x, t) ·w(x, y, t), w(x, y, t) = (w1, w2), (116)
wherew(x, y, t) can be obtained as follows. Combining (115) and (116) we get∫
ΩT
∫
Y
a(y, p, ϑ, r) (∇xp+∇y [∇xp(x, t) ·w(x, y, t)]) · ∇yϕ1(x, y, t) dydxdt = 0 (117)
for all ϕ1 ∈ C
∞
0 (ΩT ;C
∞
per(Y)). The above equation may be rewritten as∫
ΩT
∫
Y
a(y, p, ϑ, r)∇xp (Id +∇yw(x, y, t)) · ∇yϕ1(x, y, t) dydxdt = 0 (118)
for all ϕ1 ∈ C
∞
0 (ΩT ;C
∞
per(Y)). Here and in what follows, ∇yw is the matrix (∇yw)ij = ∂wj/∂yi.
Integrating by parts in (118) we deduce
−
∫
ΩT
∫
Y
∇y · [a(y, p, ϑ, r)∇xp (Id +∇yw(x, y, t))]ϕ1(x, y, t) dydxdt = 0.
From this, it is easy to verify that w satisfies the periodic cell problem (54).
Now let ϕ1 = 0 in (103). Then we have∫ T
0
〈
∫
Y
∂tb(y, p, r)dy, ϕ〉dt
+
∫
ΩT
∫
Y
a(y, p, ϑ, r) (∇xp+∇yp1(x, y, t)) · ∇xϕdydxdt
+
∫
∂ΩT
βepϕdSdt
=
∫
ΩT
∫
Y
α1χc(y)f(p, ϑ, r)ϕ dydxdt+
∫
∂ΩT
βep∞ϕdSdt (119)
and taking into account (116) we can write∫ T
0
〈∂t
∫
Y
b(y, p, r)dy, ϕ〉dt
+
∫
ΩT
∇xp
(∫
Y
a(y, p, ϑ, r) (Id +∇yw(x, y, t)) dy
)
· ∇xϕdxdt
+
∫
∂ΩT
βepϕdSdt
= α1
∫
Y
χc(y)dy
∫
ΩT
f(p, ϑ, r)ϕ dxdt+
∫
∂ΩT
βep∞ϕdSdt (120)
for all ϕ ∈ C∞(ΩT ). Note that (120) represents the weak form of the problem (43) and (46).
Let ψ = 0 in (104), we get∫
ΩT
∫
Y
λ(y, p, ϑ, r) (∇xϑ+∇yϑ1(x, y, t)) · ∇yψ1(x, y, t) dydxdt
+
∫
ΩT
∫
Y
cwϑ a(y, p, ϑ, r) (∇xp+∇yp1(x, y, t)) · ∇yψ1(x, y, t) dydxdt
= 0 (121)
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for all ψ1 ∈ C
∞
0 (ΩT ;C
∞
per(Y)). Here, ϑ1 can be determined as (up to a constant)
ϑ1(x, y, t) = ∇xϑ(x, t) · v(x, y, t), v = (v1, v2), (122)
which yields, substituting (116) and (122) into (121),∫
ΩT
∫
Y
λ(y, p, ϑ, r)∇xϑ [Id +∇yv(x, y, t)] · ∇yψ1(x, y, t) dydxdt
+
∫
ΩT
cwϑ
∫
Y
a(y, p, ϑ, r)∇xp [Id +∇yw(x, y, t)] · ∇yψ1(x, y, t) dydxdt
= 0 (123)
for all ψ1 ∈ C
∞
0 (ΩT ;C
∞
per(Y)). Here, ∇yv is the matrix (∇yv)ij = ∂vj/∂yi. In view of (118), the
second integral on the left hand side in (123) vanishes. Hence, vi are obtained as the unique solutions of
the periodic cell problems (55).
Now let ψ1 = 0 in (104). This leads to∫ T
0
〈
∫
Y
∂t [cwb(y, p, r)ϑ+ σ (y, r)ϑ] dy, ψ〉dt
+
∫
ΩT
∫
Y
λ(y, p, ϑ, r) (∇xϑ+∇yϑ1(x, y, t)) · ∇xψ dydxdt
+
∫
ΩT
∫
Y
cwϑ a(y, p, ϑ, r) (∇xp+∇yp1(x, y, t)) · ∇xψ dydxdt
+
∫
∂ΩT
αeϑψ dSdt+ cw
∫
∂ΩT
βeϑ(p− p∞)ψ dSdt
=
∫
ΩT
∫
Y
α2χc(y)f(p, ϑ, r)ψ dydxdt+
∫
∂ΩT
αeϑ∞ψ dSdt
for all ψ ∈ C∞(ΩT ) and, using (116) and (122), we can write∫ T
0
〈∂t
[
cw
∫
Y
b(y, p, r)dy ϑ+
∫
Y
σ (y, r) dy ϑ
]
, ψ〉dt
+
∫
ΩT
∇xϑ
(∫
Y
λ(y, p, ϑ, r) (Id +∇yv(x, y, t)) dy
)
· ∇xψ dxdt
+
∫
ΩT
cwϑ∇xp
(∫
Y
a(y, p, ϑ, r) (Id +∇yw(x, y, t)) dy
)
· ∇xψ dxdt
+
∫
∂ΩT
αeϑψ dSdt+ cw
∫
∂ΩT
βeϑ(p− p∞)ψ dSdt
= α2
∫
Y
χc(y)dy
∫
ΩT
f(p, ϑ, r)ψ dxdt+
∫
∂ΩT
αeϑ∞ψ dSdt. (124)
We conclude that (124) represents the weak formulation of the problem (44) and (47). This completes the
main result of the paper.
A The existence of the weak solution to (3)–(9)
A.1 Approximations
Applying the method of discretization in time, we divide the interval [0, T ] into n subintervals of lengths
h := T/n (a time step), replace the time derivatives by the corresponding difference quotients and the inte-
gral in (33) by a sum. In this way, we approximate the problem (3)–(9) by a semi-implicit time discretization
scheme and re-formulate the problem in a weak sense.
Let us consider p0n := p0, ϑ
0
n := ϑ0 and r
0
n := 0 a.e. on Ω. We now define, in each time step
i = 1, . . . , n, a threesome [pin, ϑ
i
n, r
i
n] as a solution of the following recurrence steady problem: for a
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given threesome [pi−1n , ϑ
i−1
n , r
i−1
n ], i = 1, 2, . . . , n, p
i−1
n ∈ L
∞(Ω), ϑi−1n ∈ W
1,2(Ω) ∩ L∞(Ω) and
ri−1n ∈ W
1,2(Ω)∩L∞(Ω), find [pin, ϑ
i
n, r
i
n], such that p
i
n ∈W
1,2(Ω)∩L∞(Ω), ϑin ∈ W
1,2(Ω)∩L∞(Ω),
rin ∈ W
1,2(Ω) ∩ L∞(Ω) and
̺w
∫
Ω
χεc
φc(r
i
n)S(p
i
n)− φc(r
i−1
n )S(p
i−1
n )
h
ζ dx+ ̺w
∫
Ω
χεaφa
S(pin)− S(p
i−1
n )
h
ζ dx
+ ̺w
∫
Ω
[
χεc
kc(r
i−1
n )
µ(ϑi−1n )
kR(S(p
i
n)) + χ
ε
a
ka
µ(ϑi−1n )
kR(S(p
i
n))
]
∇pin · ∇ζ dx
+ βe
∫
∂Ω
(
pin − p∞
)
ζ dS
= α1
∫
Ω
χεcf(p
i
n, ϑ
i−1
n , r
i−1
n )ζ dx (125)
for any ζ ∈ W 1,2(Ω);
cw
∫
Ω
bε(x, pin, r
i
n)ϑ
i
n − b
ε(x, pi−1n , r
i−1
n )ϑ
i−1
n
h
ψ dx
+
∫
Ω
σε(x, rin)ϑ
i
n − σ
ε(x, ri−1n )ϑ
i−1
n
h
ψ dx
+
∫
Ω
λε(x, pi−1n , ϑ
i−1
n , r
i−1
n )∇ϑ
i
n · ∇ψ dx
+ cw
∫
Ω
ϑina
ε(x, pin, ϑ
i−1
n , r
i−1
n )∇p
i
n · ∇ψ dx
+ αe
∫
∂Ω
(
ϑin − ϑ∞
)
ψ dS + cw
∫
∂ΩT
βeϑ
i
n(p
i
n − p∞)ψ dSdt
= α2
∫
Ω
χεc(x)f(p
i
n, ϑ
i−1
n , r
i−1
n )ψ dx (126)
for any ψ ∈W 1,2(Ω) and
rin = h
i∑
j=1
f(pjn, ϑ
j−1
n , r
j−1
n ), i = 1, . . . , n, (127)
r0n(x) = 0. (128)
Theorem A.1 (Existence of the solution to (125)–(128)) Let pi−1n ∈ L
∞(Ω), ϑi−1n ∈W
1,2(Ω) ∩ L∞(Ω)
and ri−1n ∈ W
1,2(Ω) ∩ L∞(Ω) be given and the Assumptions (i)–(v) be satisfied. Then there exists
[pin, ϑ
i
n, r
i
n], such that p
i
n ∈ W
1,s(Ω), ϑin ∈ W
1,s(Ω) with some s > 2, and rin ∈ W
1,2(Ω) ∩ L∞(Ω),
satisfying (125)–(128).
Note that by Theorem A.1 and the embedding theorems W 1,s(Ω) →֒ W 1,2(Ω) and W 1,s(Ω) →֒ L∞(Ω)
(with some s > 2 and the two-dimensional domain Ω with Lipschitz boundary) we are able to solve (125)–
(128) recursively for [pin, ϑ
i
n, r
i
n] by the already known [p
i−1
n , ϑ
i−1
n , r
i−1
n ] from the preceding time step,
such that we obtain 

pin ∈ W
1,2(Ω) ∩ L∞(Ω),
ϑin ∈W
1,2(Ω) ∩ L∞(Ω),
rin ∈W
1,2(Ω) ∩ L∞(Ω)
for all i = 1, . . . , n. (129)
Theorem A.2 Let rin, r
i−1
n , ϑ
i−1
n , p
i−1
n ∈ L
1(Ω) be given and let pin ∈ W
1,2(Ω) ∩ L∞(Ω) solve (125).
Then
0 ≥ pin ≥ p∞ almost everywhere in Ω and ∂Ω and for all i = 1, 2, . . . , n. (130)
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Proof of Theorem A.2 Let us set (for i = 1, 2, . . . , n)
(S(pin)− S(p∞))− ≡
{
S(pin)− S(p∞), p
i
n < p∞,
0, pin ≥ p∞.
Setting ζ = (S(pin)− S(p∞))− as a test function in (125) we arrive at the estimate
̺w
2h
∫
Ω
(χεcφc(r
i
n) + χ
ε
aφa)|(S(p
i
n)− S(p∞))−|
2 dx
−
̺w
2h
∫
Ω
(χεcφc(r
i−1
n ) + χ
ε
aφa)|(S(p
i−1
n )− S(p∞))−|
2 dx
+
∫
Ω
aε(x, pin, ϑ
i−1
n , r
i−1
n )
1
S ′(pin)
|∇(S(pin)− S(p∞))−|
2 dx
+ βe
∫
∂Ω
(
pin − p∞
)
(S(pin)− S(p∞))− dS
≤ α1
∫
Ω
χεcf(p
i
n, ϑ
i−1
n , r
i−1
n )(S(p
i
n)− S(p∞))− dx
−
̺w
2h
∫
Ω
χεc
[
φc(r
i
n)− φc(r
i−1
n )
]
(S(pin) + S(p∞))(S(p
i
n)− S(p∞))− dx. (131)
Using the Lipschitz continuity of φ with respect to r (recall (22)) and using (127) we can write
|φc(r
i
n)− φc(r
i−1
n )| ≤ Cφ|r
i
n − r
i−1
n |
≤ hCφ|f(p
i
n, ϑ
i−1
n , r
i−1
n )|. (132)
Upon addition (131) for i = 1, 2, . . . , j and taking into account (132), we can write
̺w
2h
∫
Ω
(χεcφc(r
j
n) + χ
ε
aφa)|(S(p
j
n)− S(p∞))−|
2 dx
+
j∑
i=1
∫
Ω
aε(x, pin, ϑ
i−1
n , r
i−1
n )
1
S ′(pin)
|∇(S(pin)− S(p∞))−|
2 dx
+
j∑
i=1
∫
∂Ω
βe
(
pin − p∞
)
(S(pin)− S(p∞))− dS
≤
j∑
i=1
∫
Ω
(̺wCφSs + |α1|)χ
ε
c|f(p
i
n, ϑ
i−1
n , r
i−1
n )(S(p
i
n)− S(p∞))−| dx
−
̺w
2h
∫
Ω
(χεcφc(r
0
n) + χ
ε
aφa)|(S(p
0
n)− S(p∞))−|
2 dx (133)
and in view of (15), (25) and (28) we obtain
c1
2h
∫
Ω
|(S(pjn)− S(p∞))−|
2 dx
+ βeSL
j∑
i=1
∫
∂Ω
|(S(pjn)− S(p∞))−|
2 dS
≤
j∑
i=1
∫
Ω
(̺wCφSs + |α1|)χ
ε
c|f(p
i
n, ϑ
i−1
n , r
i−1
n )(S(p
i
n)− S(p∞))−| dx
−
̺w
2h
∫
Ω
(χεcφc(r
0
n) + χ
ε
aφa)|(S(p
0
n)− S(p∞))−|
2 dx
= 0. (134)
Now, let us set
(S(pin)− S(0))+ ≡
{
S(pin)− S(0), p
i
n > 0,
0, pin ≤ 0,
i = 1, 2, . . . , n.
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Setting ζ = (S(pin)− S(0))+ as a test function in (125) we arrive at the estimate
̺w
2h
∫
Ω
(χεcφc(r
i
n) + χ
ε
aφa)|(S(p
i
n)− S(0))+|
2 dx
−
̺w
2h
∫
Ω
(χεcφc(r
i−1
n ) + χ
ε
aφa)|(S(p
i
n)− S(0))+|
2 dx
+
∫
Ω
aε(x, pin, ϑ
i−1
n , r
i−1
n )
1
S ′(pin)
|∇(S(pin)− S(0))+|
2 dx
+ βe
∫
∂Ω
(
pin − p∞
)
(S(pin)− S(0))+ dS
≤ α1
∫
Ω
χεcf(p
i
n, ϑ
i−1
n , r
i−1
n )(S(p
i
n)− S(0))+ dx
−
̺w
2h
∫
Ω
χεc
[
φc(r
i
n)− φc(r
i−1
n )
]
(S(pin) + S(0))(S(p
i
n)− S(0))+ dx. (135)
Upon addition (135) for i = 1, 2, . . . , j and taking into account (132), we deduce
̺w
2h
∫
Ω
(χεcφc(r
j
n) + χ
ε
aφa)|(S(p
i
n)− S(0))+|
2 dx
+
j∑
i=1
∫
Ω
aε(x, pin, ϑ
i−1
n , r
i−1
n )
1
S ′(pin)
|∇(S(pin)− S(0))+|
2 dx
+
j∑
i=1
∫
∂Ω
βe
(
pin − p∞
)
(S(pin)− S(0))+ dS
≤
j∑
i=1
∫
Ω
(̺wCφSs + α1)χ
ε
cf(p
i
n, ϑ
i−1
n , r
i−1
n )(S(p
i
n)− S(0))+ dx
−
̺w
2h
∫
Ω
(χεcφc(r
0
n) + χ
ε
aφa)|(S(p
i
n)− S(0))+|
2 dx (136)
and in view of (15), (22), (24) and (27) we arrive at the estimate
c1
2h
∫
Ω
|(S(pin)− S(0))+|
2 dx
+ βeSL
j∑
i=1
∫
∂Ω
|(S(pin)− S(0))+|
2 dS
≤
j∑
i=1
∫
Ω
(̺wCφSs + α1)χ
ε
cf(p
i
n, ϑ
i−1
n , r
i−1
n )(S(p
i
n)− S(0))+ dx
−
̺w
2h
∫
Ω
(χεcφc(r
0
n) + χ
ε
aφa)|(S(p
i
n)− S(0))+|
2 dx+
j∑
i=1
∫
∂Ω
βep∞(S(p
i
n)− S(0))+ dS
≤ 0. (137)
From (134) and (137) we have (130). 
Now we are ready to prove Theorem A.1.
Proof of Theorem A.1 We begin by proving the existence of pin ∈W
1,2(Ω), being the solution to problem
(125). Due to Theorem A.2, we may consider the truncated function k˜r defined by
k˜r(ξ) ≡
{
kR(S(ξ)), ξ > p∞,
kR(S(p∞)), ξ ≤ p∞,
where p∞ is taken from (130). Note that (130) also remains valid if in (125) we replace kR ◦ S by k˜r.
Recall that kR is positive and strictly increasing on [0, Ss] and S is positive and strictly increasing on R.
Homogenization of coupled transport processes in porous media with memory terms 22
Hence k˜r is the increasing function such that
0 < K0 ≤ k˜r(ξ) ≤ K1 ∀ξ ∈ R (138)
with appropriate chosen constantsK0 and K1, say K0 = kR(S(p∞)) and K1 = kR(Ss). Hence, problem
(125) takes the form
̺w
∫
Ω
[
χεc
kc(r
i−1
n )
µ(ϑi−1n )
+ χεa
ka
µ(ϑi−1n )
]
k˜r(S(p
i
n))∇p
i
n · ∇ζ dx
+ βe
∫
∂Ω
(
pin − p∞
)
ζ dS
+
̺w
h
∫
Ω
(
χεcφc(r
i
n) + χ
ε
aφa
)
S(pin)ζ dx
− α1
∫
Ω
χεcf(p
i
n, ϑ
i−1
n , r
i−1
n )ζ dx
=
̺w
h
∫
Ω
(
χεcφc(r
i−1
n ) + χ
ε
aφa
)
S(pi−1n )ζ dx (139)
for any ζ ∈ W 1,2(Ω). Note that the unknown rin in the second line of (139) can be easily eliminated using
the equation (127), which can be rewritten as
rin = r
i−1
n + hf(p
i
n, ϑ
i−1
n , r
i−1
n ). (140)
We now define the so called Kirchhoff transformation, which employs the primitive function κ : R → R,
defined by
κ(ξ) =
ξ∫
0
k˜r(s)ds.
It is worth noting that (138) implies κ to be continuous and increasing, and one-to-one with κ−1 Lipschitz
continuous. Hence, with the notation u(x) = κ(pin(x)), problem (139) can be rewritten in terms of a new
variable u as∫
Ω
A(x)∇u · ∇ζ dx+ βe
∫
∂Ω
κ−1(u)ζ dS +
∫
Ω
B(x, u)ζ dx =
∫
Ω
g(x)ζ dx+ βe
∫
∂Ω
p∞ζ dS (141)
for any ζ ∈ W 1,2(Ω), where we denote briefly
A(x) =̺w
[
χεc
kc(r
i−1
n )
µ(ϑi−1n )
+ χεa
ka
µ(ϑi−1n )
]
,
B(x, u) =
̺w
h
(
χεcφc(r
i−1
n (x) + hf(κ
−1(u), ϑi−1n (x), r
i−1
n (x))) + χ
ε
aφa
)
S(κ−1(u)),
− α1χ
ε
cf(κ
−1(u), ϑi−1n , r
i−1
n )
g(x) =
̺w
h
(
χεcφc(r
i−1
n ) + χ
ε
aφa
)
S(pi−1n ).
Note that g ∈ L∞(Ω) and
0 < A1 < A(·) < A2 < +∞ (A1, A2 = const) a.e. in Ω,
|B(·, ξ)| ≤ C ∀ξ ∈ R and a.e. in Ω.
The existence of u ∈ W 1,2(Ω), the solution of problem (141), follows from [33, Chapter 2]. With u ∈
W 1,2(Ω) in hand, we now assume the problem∫
Ω
A(x)∇u · ∇ζ dx = 〈µ, ζ〉W 1,2(Ω)′,W 1,2(Ω)
for any ζ ∈ W 1,2(Ω), where the functional µ is defined by the equation
〈µ, ζ〉W 1,2(Ω)′,W 1,2(Ω) = −βe
∫
∂Ω
κ−1(u)ζ dS +
∫
Ω
g(x)ζ dx−
∫
Ω
B(x, u)ζ dx+ βe
∫
∂Ω
p∞ζ dS
Homogenization of coupled transport processes in porous media with memory terms 23
for all ζ ∈ W 1,2(Ω). It is not difficult to show that µ ∈ W 1,q
′
(Ω)′, q′ = q/(q − 1), with some q > 2. The
same arguments as in the proof of [17, Theorem 3] yields u ∈W 1,q(Ω). This (together with the embedding
theorem) gives the regularity u ∈ L∞(Ω). Note that, in view of (138), the Kirchhoff transformation
preserves L∞ space for the problem. We now set pin(x) := κ
−1(u(x)) a.e. in Ω to get the representation
∇pin =
1
k˜r(κ−1(u))
∇u, i.e. k˜r(p
i
n)∇p
i
n = ∇u
and hence
pin ∈W
1,2(Ω) ∩ L∞(Ω) iff u ∈W 1,2(Ω) ∩ L∞(Ω).
We now conclude that pin solves (125).
With pin ∈ W
1,2(Ω) ∩ L∞(Ω) in hand, we rewrite the equation (125) in the form (transferring the
lower-order terms to the right hand side)
̺w
∫
Ω
[
χεc
kc(r
i−1
n )
µ(ϑi−1n )
kR(S(p
i
n)) + χ
ε
a
ka
µ(ϑi−1n )
kR(S(p
i
n))
]
∇pin · ∇ζ dx
+ βe
∫
∂Ω
(
pin − p∞
)
ζ dS
= α1
∫
Ω
χεcf(p
i
n, ϑ
i−1
n , r
i−1
n )ζ dx
− ̺w
∫
Ω
χεc
φc(r
i
n)S(p
i
n)− φc(r
i−1
n )S(p
i−1
n )
h
ζ dx− ̺w
∫
Ω
χεaφa
S(pin)− S(p
i−1
n )
h
ζ dx
for any ζ ∈ W 1,2(Ω).
In view of Assumptions (i), (iii) and (iv), all integrals on the right hand side make sense for any ζ ∈
W 1,q
′
(Ω), q′ = q/(q − 1) with some q > 2. Now we are able to apply [17, Theorem 3] to obtain
pin ∈ W
1,s(Ω) with some s > 2. Now with ϑi−1n ∈ W
1,2(Ω), ri−1n ∈ W
1,2(Ω) and pin ∈ W
1,s(Ω) (with
some s > 2) in hand, one obtains rin directly from (140). Since f is supposed to be Lipschitz continuous,
we easily deduce rin ∈ W
1,2(Ω) (c.f. [33, Proposition 1.28]). Moreover, from (24) we have rin ∈ L
∞(Ω).
The existence of ϑin ∈ W
1,2(Ω), the solution to problem (126), can be proven in the same way as [8,
Theorem 6.5]. In particular, with pin ∈ W
1,s(Ω), s > 2, and rin ∈ L
∞(Ω), given by (127), in hand, (126)
represents the semilinear equation which can be solved by the approach in [33, Chapter 2.4]. Analysis
similar to the above yields ϑin ∈ W
1,s(Ω) with some s > 2. By embedding theorem we have ϑin ∈ L
∞(Ω).

A.2 Temporal interpolants and uniform estimates
By means of the sequences pin, ϑ
i
n, r
i
n constructed in Section A.1, we define the piecewise constant inter-
polants ϕ¯n(t) = ϕ
i
n for t ∈ ((i − 1)h, ih] and, in addition, we extend ϕ¯n for t ≤ 0 by ϕ¯n(t) = ϕ0 for
t ∈ (−h, 0]. Here, ϕin stands for p
i
n, ϑ
i
n or r
i
n.
For a function ϕ we often use the simplified notation ϕ := ϕ(t), ϕh(t) := ϕ(t − h), ∂
−h
t ϕ(t) :=
ϕ(t)−ϕ(t−h)
h
, ∂ht ϕ(t) :=
ϕ(t+h)−ϕ(t)
h
. Then, following (125)–(126), the piecewise constant time inter-
polants p¯n ∈ L
∞(0, T ;W 1,s(Ω)) and ϑ¯n ∈ L
∞(0, T ;W 1,s(Ω)) (with some s > 2) satisfy the equations
̺w
∫
Ω
∂−ht [(χ
ε
cφc(r¯n(t)) + χ
ε
aφa)S(p¯n(t))]ζ dx
+ ̺w
∫
Ω
[
χεc
kc(r¯n(t− h))
µ(ϑ¯n(t− h))
+ χεa
ka
µ(ϑ¯n(t− h))
]
kR(S(p¯n(t)))∇p¯n(t) · ∇ζ dx
+ βe
∫
∂Ω
(p¯n(t)− p∞) ζ dS
=
∫
Ω
α1χ
ε
cf(p¯n(t), ϑ¯n(t− h)), r¯n(t− h)))ζ dx (142)
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for any ζ ∈ W 1,2(Ω) and
cw̺w
∫
Ω
∂−ht
[
(χεcφc(r¯n(t)) + χ
ε
aφa)S(p¯n(t))ϑ¯n(t)
]
ψ dx
+
∫
Ω
∂−ht
[
σε(x, r¯n(t))ϑ¯n(t)
]
ψ dx
+
∫
Ω
λε(x, p¯n(t− h), ϑ¯n(t− h), r¯n(t− h))∇ϑ¯n(t) · ∇ψ dx
+ cw
∫
Ω
ϑ¯n(t)
[
χεc
kc(r¯n(t− h))
µ(ϑ¯n(t− h))
+ χεa
ka
µ(ϑ¯n(t− h))
]
kR(S(p¯n(t)))∇p¯n(t) · ∇ψ dx
+ αe
∫
∂Ω
(
ϑ¯n(t)− ϑ∞
)
ψ dS + cw
∫
∂Ω
βeϑ¯n(t)(p¯n(t)− p∞)ψ dS
=
∫
Ω
α2χ
ε
c(x)f(p¯n(t), ϑ¯n(t− h)), r¯n(t− h)))ψ dx (143)
for any ψ ∈W 1,2(Ω). Finally, from (127) and (128) we have
r¯n(t) =
∫ t
0
f(p¯n(s), ϑ¯n(s− h)), r¯n(s− h))) ds (144)
for all t ∈ [0, T ]. To be able to say something about the limits of the sequences {p¯n},
{
ϑ¯n
}
and {r¯n}, we
now present some apriori estimates for solutions of the problem (142)–(144).
Analysis similar to that in [10, Sections 4.2 and 4.3] shows that (Θ is defined by (56))
sup
0≤t≤T
∫
Ω
Θ(p¯n(t))dx +
∫ T
0
‖p¯n(t)‖
2
W 1,2(Ω)dt ≤ C, (145)∫ T
0
‖ϑ¯n(t)‖
2
W 1,2(Ω)dt ≤ C, (146)∫ T
0
‖r¯n(t)‖
2
W 1,2(Ω)dt ≤ C, (147)
‖r¯n‖L∞(ΩT ) ≤ C. (148)
Let ℓ be an odd integer. Using ζ = cw[ℓ/(ℓ+1)](ϑ¯n)
ℓ+1 as a test function in (142) and ψ = (ϑ¯n)
ℓ in (143)
and combining both equations (subtracting (142) from (143)) we have (with the notation (10))∫
Ω
[ϑ¯n(t)]
ℓ+1 [cwb (x/ε, p¯n(t), r¯n(t)) + σ(x/ε, r¯n(t))] dx
+
∫
Ωt
ℓ(ϑ¯n)
ℓ−1λ(x/ε, p¯n, ϑ¯n, r¯n)|∇ϑ¯n|
2dxds
+
∫
∂Ωt
αe(ϑ¯n)
ℓ+1 dSdt+ cw
1
ℓ+ 1
∫
∂Ωt
βe(ϑ¯n)
ℓ+1(p¯n − p∞) dSdt
≤
∫
Ω
ϑℓ+10 [cwb (x/ε, p0, 0) + σ(x/ε, 0)] dx+
∫
∂Ωt
αeϑ∞ (ϑ¯n)
ℓ dSdt
+
∫
Ωt
(
α2(ϑ¯n)
ℓ − α1cw[ℓ/(ℓ+ 1)](ϑ¯n)
ℓ+1
)
χc(x/ε)f(p¯n, ϑ¯n, r¯n)dxds. (149)
Applying the Young’s inequality we have∫
∂Ωt
αeϑ∞ (ϑ¯n)
ℓ dSdt ≤ αe
1
ℓ+ 1
∫
∂Ωt
(ϑ∞)
ℓ+1 dSdt+ αe
ℓ
ℓ+ 1
∫
∂Ωt
(ϑ¯n)
ℓ+1 dSdt. (150)
Further, using (15), (23), (24) and (130), the inequality (149) can be simplified (recall that ℓ is the odd
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integer)
c1
∫
Ω
[ϑ¯n(t)]
ℓ+1dx
≤
∫
Ω
[ϑ¯n(t)]
ℓ+1 [cwb (x/ε, p¯n(t), r¯n(t)) + σ(x/ε, r¯n(t))] dx
+
∫
Ωt
ℓ(ϑ¯n)
ℓ−1λ(x/ε, p¯n, ϑ¯n, r¯n)|∇ϑ¯n|
2dxds
+
1
ℓ+ 1
∫
∂Ωt
αe(ϑ¯n)
ℓ+1 dSdt
≤
∫
Ω
ϑℓ+10 [cwb (x/ε, p0, 0) + σ(x/ε, 0)] dx+ αe
1
ℓ+ 1
∫
∂Ωt
(ϑ∞)
ℓ+1 dSdt
+
∫
Ωt
[
α2
(
1
1 + ℓ
+
ℓ
1 + ℓ
(ϑ¯n)
ℓ+1
)
− α1cw[ℓ/(ℓ+ 1)](ϑ¯n)
ℓ+1
]
χc(x/ε)f(p¯n, ϑ¯n, r¯n)dxds
≤ c2‖ϑ0‖
ℓ+1
Lℓ+1(Ω)
+ c3
[ϑ∞]
ℓ+1
ℓ+ 1
+ c4
1
ℓ+ 1
+ c5
∫ t
0
∫
Ω
[ϑ¯n]
ℓ+1dxds. (151)
Finally, the application of Gronwall’s inequality [33, Chapter 1.6]) yields
‖ϑ¯n‖L∞(0,T ;Lℓ+1(Ω)) ≤ C, (152)
‖ϑ¯n‖Lℓ+1(0,T ;Lℓ+1(∂Ω)) ≤ C, (153)
where the constant C is independent of ℓ, τ and ε. Now, let ℓ→ +∞ in (152), we get
‖ϑ¯n‖L∞(ΩT ) ≤ C, (154)
where the constant C is independent of τ and ε. Moreover, (130) further implies
‖p¯n‖L∞(ΩT ) ≤ C, (155)
‖p¯n‖L∞(∂ΩT ) ≤ C. (156)
Finally, the following estimates can be obtained in much the same way as [10, eqs (109), (111) and (112)]∫ T−kh
0
[S(p¯n(t+ kh))− S(p¯n(t))] (p¯n(t+ kh)− p¯n(t)) dt ≤ Ckh, (157)∫ T−kh
0
|ϑ¯n(t+ kh)− ϑ¯n(t)|
2dt ≤ Ckh, (158)
∫ T−kh
0
|r¯n(t+ kh)− r¯n(t)|
2dt ≤ Ckh. (159)
Finally, from (142) and (143), using (145), (146), (154), (15)–(21), (23) and (24), we get
‖̺w∂
−h
t [(χ
ε
cφc(r¯n(t)) + χ
ε
aφa)S(p¯n(t))]‖L2(0,T ;W 1,2(Ω)′) ≤ C. (160)
and
‖∂−ht
[
cw̺w (χ
ε
cφc(r¯n(t)) + χ
ε
aφa)S(p¯n(t))ϑ¯n(t) + σ
ε(x, r¯n(t))ϑ¯n(t)
]
‖L2(0,T ;W 1,2(Ω)′) ≤ C. (161)
A.3 Passage to the limit
The a-priori estimates (145)–(148), (154) and (157)–(159) allow us to conclude that there exist
p ∈ L2(0, T ;W 1,2(Ω)) ∩ L∞(ΩT ),
ϑ ∈ L2(0, T ;W 1,2(Ω)) ∩ L∞(ΩT ),
r ∈ L2(0, T ;W 1,2(Ω)) ∩ L∞(ΩT ),
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such that, letting n→ +∞ (along a selected subsequence),
p¯n ⇀ p weakly in L
2(0, T ;W 1,2(Ω)),
ϑ¯n ⇀ ϑ weakly in L
2(0, T ;W 1,2(Ω)),
p¯n ⇀ p weakly star in L
∞(ΩT ),
p¯n ⇀ p weakly star in L
∞(∂ΩT ),
ϑ¯n ⇀ ϑ weakly star in L
∞(ΩT ),
r¯n ⇀ r weakly in L
2(0, T ;W 1,2(Ω)),
r¯n ⇀ r weakly star in L
∞(ΩT ),
p¯n → p almost everywhere on ΩT ,
ϑ¯n → ϑ almost everywhere on ΩT ,
r¯n → r almost everywhere on ΩT ,
ϑ¯n ⇀ ϑ weakly in L
ℓ(∂ΩT ) (∀1 ≤ ℓ < +∞).
Finally, [16, Lemma 3] yields
ϑ¯n → ϑ almost everywhere on ∂ΩT ,
p¯n → p almost everywhere on ∂ΩT .
The above established convergences are sufficient for taking the limit n → ∞ in (142)–(144) (along a
selected subsequence) to get the weak solution of the system (3)–(9) in the sense of Definition 4.1. 
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